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Abstract
The main purpose of this paper is to give the selection theorems in BCO spaces which unify
and generalize some known results. Also, the relations between countable sets and selections are
discussed.
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1. Introduction
Let X and Y be topological spaces, and 2Y stand for the family of non-empty subsets
of Y . We write
F(Y ) = {S ∈ 2Y : S is closed},
C(Y ) = {S ∈ F(Y ): S is compact},
K(Y ) = {S ∈ F(Y ): F is finite}.
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For a metric space (Y, d), F(Y ) = {S ∈ 2Y : S is a complete subset of Y }.
A set-valued mapping Φ :X → 2Y is lower semi-continuous (upper semi-continuous)
or l.s.c. (u.s.c.), if the set
Φ−1(U) = {x ∈ X: Φ(x)∩ U = ∅}
is open (respectively, closed) in X for every open (respectively, closed) U of X.
A function f :X → Y is a continuous selection of Φ if f is continuous and f (x) ∈ Φ(x)
for each x ∈ X.
For l.s.c. mappings, Michael obtained the following theorems:
Theorem 1.1 [5]. Let X be a zero-dimensional paracompact space, (Y, d) a metric space,
and an l.s.c. mapping Φ :X →F(Y ), then there exists a continuous selection of Φ .
Theorem 1.2 [6]. Let X be a paracompact space, (Y, d) a metric space, and an l.s.c.
mapping Φ :X → F(Y ), then there exists an l.s.c. mapping ϕ :X → C(Y ) and an u.s.c.
mapping φ :X → C(Y ) such that ϕ ⊂ φ ⊂ Φ .
Theorem 1.3 [7]. Let X be a regular countable space, Y a first countable space, then every
l.s.c mapping Φ :X → 2Y has a continuous selection.
The basic methods to construct selections in Theorems 1.1 and 1.2 is to find a sequence
of functions to approx Φ , hence the metribility of Y is important. A natural question is
that the metric structure of image spaces is necessary or not? Motivated by Theorem 1.3,
the first author [9] found the key role of BCO in constructing selections. Recently, Alleche
and Calbrix [1] also given some relations between BCO and selections. The purpose of
this paper is to strength these results, show that in many cases, BCO structures can replace
metric to construct selections, and give a direct proof of a selection theorem in BCO spaces.
Also, we prove that the countableness of X is necessary in Theorem 1.3.
Let us recall the concept of BCO.
A base B for a space X is called a base of countable order or BCO if for every x ∈ X
and every strictly decreasing sequence (Bn) of elements of B containing x , (Bn) is a base
of x . Wick and Worrel [8] obtained the following properties of BCO.
Lemma 1.4. Let B be a countable order base of X, then there exists a sequence (Bn) of
bases of X consisted of subsets of B satisfying
∗ For each x ∈ X, if x ∈ Bn ∈ Bn and Bn+1 ⊆ Bn for every n ∈ N , then (Bn) is a base
of x .
In [1], Alleche and Calbrix introduce the notion of monotonically completness on a
subset. We say that a base B for a space X is monotonically complete on a subset A of
X, if for every decreasing sequence (Bn) of elements of B such that Bn ∩ A = ∅ for every
n ∈ N , then ⋂n∈N 	Bn = ∅. If A = X, we call that B is monotonically complete. B is
monotonically complete on F , if B is monotonically complete on every element of F .
Define FB(X) =
{
F : F ∈ F(X),B is monotonically complete on F}.
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Throughout this paper, all spaces are assumed to be regular and T2, and all undefined
topological concepts are taken in the sense given Engelking [3].
2. BCO and selections
First, we give a direct proof of a selection theorem with values in spaces with BCO.
Theorem 2.1. Let X be a zero-dimensional paracompact space, Y a space with BCO B,
and Φ :X →FB(Y ) an l.s.c., then Φ has a continuous section.
Proof. By Theorem 5.1 in [1], there is a metric space (M,d) and an open continuous map
g from M onto Y such that g−1 is d-complete for all x ∈ X. Put Φ(x) = g−1(φ(x)) for
all x ∈ X, then Φ is l.s.c. By Theorem 1.1, we let f be a continuous selection for Φ , then
g ◦ f is a continuous selection for φ. 
Similarly, when the paracompactness of X is replaced by collectionwise normal prop-
erty, the following holds.
Theorem 2.2. Let X be a zero-dimensional collectionwise normal space, Y a metacompact
and developable space, and Φ :X → K(Y ) an l.s.c set-valued mappings, then Φ has a
continuous selection.
Next, we use a mapping theorem by Choban and Michael [2] to generalize Theorem 1.2.
Corollary 2.3 [1]. Let X be a paracompact space, Y a space with BCO B, and Φ :X →
FB(Y ) an l.s.c., then there exists a u.s.c. mapping φ :X → C(Y ) and an l.s.c. mapping
ϕ :X → C(Y ) such that ϕ(x) ⊂ φ(x) ⊂ Φ(x) for any x ∈ X.
Proof. Let Φ :X → FB(Y ) an l.s.c. From the theorem in [2], there exists a zero-
dimensional paracompact space Z, subspace S of Z and perfect function f :Z → X
such that f (S) = X and f |S is open, compact. Define 	Φ :Z → FB(Y ) by 	Φ(z) =
Φ(f (z), then 	Φ is l.s.c. From Theorem 2.1, there exists a selection g of 	Φ . Let ϕ(x) =
g((f |S)−1(x)),φ(x) = g(f −1(x)). Since f and f |S is respectively closed and open, f−1
and f |S−1 is respectively u.s.c. and l.s.c., so ϕ and φ is respectively l.s.c. and u.s.c. such
that ϕ(x) ⊂ φ(x) ⊂ Φ(x) for any x ∈ X. It is to easy to see that ϕ(x) and φ(x) are compact
for any x ∈ X. 
3. Countable sets and selections
In this section, we shall show that the countableness is the necessary condition under
which Theorem 1.3 holds by using an example in [4], and generalize a theorem in [7].
For a nonempty set X, let l(X) = {y :X → R: ∑x∈X |y(x)|< ∞, ‖y‖ =
∑
x∈X |y(x)|},
then l(x) is a Banach space.
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Theorem 3.1. For a separable space X, the following are equivalent:(1) X is countable.
(2) For any first countable space Y , and l.s.c. mapping Φ :X → 2Y , Φ has a continuous
selection.
(3) For the Banach space Y = l(X), and l.s.c. mappings Φ :X → 2Y , Φ has a continuous
selection.
Proof. We only need to prove (3) ⇒ (1).
Suppose X is not countable, let D = {xn: n ∈ N} be a dense set of X, and define
Φ :X → 2Y by Φ(x) = {y | y ∈ l(X), y(x) > 0}.
We show that Φ is l.s.c.
Take x0 ∈ U , y0 ∈ Φ(x0) and ε > 0. Since ∑x∈X |y0(x)| < ∞, there are only finite
many elements in X satisfying y0(x) < −ε/2, so we can find a neighborhood U of x0 such
that y0(x)−ε/2 whenever x ∈ U .
For each x ∈ U , pick y ∈ Φ(x) such that y(x)= 2/3ε+y0(x), and y(x ′) = y0(x ′) when
x ′ = x , then ‖y − y0‖ = |y(x)− y0(x)| = 2/3ε < ε. Hence Φ is l.s.c.
Suppose f is a continuous selection of Φ , by the continuity of f , for each x ∈ X, there
exists a neighborhood Ux of x such that [f (x ′)](x) > 0 whenever x ′ ∈ Ux . So there exists
xk ∈ D satisfying [f (xk)](x) > 0. Since D is a countable set, we can find k ∈ N such
that [f (xk)](x) > 0 for uncountable many x . So ∑x∈X |[f (xk)](x)| is not converging,
a contradiction. 
The separability of X is necessary, or else let X be a uncountable discrete space, then
every set-valued mapping Φ :X → 2Y has a continuous selection.
Lemma 3.2 [7]. Let X be a space, Y a metric space, C ⊂ Y is countable, and Φ :X → 2Y
l.s.c., then there exists an l.s.c. mapping ϕ ⊂ Φ such that ϕ(x) = Φ(x) whenever x /∈ C
and ϕ(x) is a complete subset for any x ∈ C.
Lemma 3.3 [1]. Let Y be a space with BCO B, then for every family FB(Y ), there ex-
ist a metric space (M,d) and open continuous function f :M → Y such that f−1(F ) is
a complete subset for every F ∈FB(Y ).
The last theorem generalizes a result in [7].
Theorem 3.4. Let X be a zero-dimensional paracompact space, C ⊂ X is countable, Y
a space with BCO B, and Φ :X → 2Y l.s.c satisfying Φ(x) ∈FB(Y ) for any x ∈ X − C,
then Φ has a continuous selection.
Proof. By Lemma 3.3, there exist a metric space (M,d) and an open continuous function
f :M → Y such that f−1(F ) is complete for each F ∈FB(Y ).
Define 	Φ :X → 2M by 	Φ(x) = f −1(Φ(x)), then 	Φ is l.s.c., and 	Φ(x) is complete
whenever x /∈ C. From Lemma 3.2, there exists an l.s.c. mapping ϕ ⊂ 	Φ such that 	Φ = ϕ
for any x /∈ C, and ϕ(x) is a complete subset of M whenever x ∈ C. By Theorem 2.1, ϕ has
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a continuous selection g :X → M . Let h :X → Y such that h = fg, then g is a continuous
selection of Φ . 
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